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Abstract 
Uniqueness which is inherent to an ecological system leads to situation when necessary requirement of science 
research - the reproducibility of an experiment - can not be fully satisfied when ecological systems are studied. A 
possible solution to the problem of experiment reproducibility and transfering obtained results to other ecosystems is 
developing some formal procedures for establishing a relationship of similarity (scaling) between models of 
ecosystems. Based on the concept of functional symmetry and Lie groups of continuous transformations a procedure 
for constructing ecosystem models, which are similar with respect to selected indicator is suggested. Applicability of 
this procedure to detecting similarities and to reducing complexity of ecosystem models is illustrated. 
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1. Introduction 
There are no identical natural ecosystems, each of them is unique. Uniqueness which is inherent to an 
ecological system leads to situation when necessary requirement of science research - the reproducibility 
of an experiment - can not be fully satisfied when ecological systems are studied. Obtaining experimental 
data and the interpretation of the results are always conducted within a specific model representation of 
the system. Therefore, strictly speaking, a general solution to the problem of reproducibility of ecological 
experiments and transfer obtained results to other ecosystems would be possible after developing same 
formal procedures for establishing a similarity between the models of unique systems. 
The principal feasibility of this formal procedure was shown on the example of a very abstract neural 
network model [1, 2]. Introduction of the concepts of functional symmetry and functionally invariant 
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transformations allowed to show that the structures of considered neural networks performing the same 
function can be transformed into each other by means one continuous and two discrete transformations. 
While discrete transformations are closely related to the specific organization of neural networks, the 
continuous transformation, performed by the infinitesimal operator of Lie group can be applied to models 
of systems having the other than neural networks nature. 
2. Functional symmetry and ecological similarity 
2.1. General description of functional symmetry approach 
Let's consider the procedure of finding ecosystem structures, keeping the selected property as an 
invariant. Let an ecosystem is described by equations: 
 
),( aXFX ii
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where Xi - system variables and the vector a

 denotes the set of system parameters. 
If there is an objective to find common structural features among different ecosystems, the requirement 
to match the solutions of differential equations (the specific trajectories of the variables of the ecosystem) 
is excessively stringent one. Let us consider properties of stationary states of the system (1). Then the 
system of equations defining the relationship between the parameters of the system and its steady state is 
given by: 
0),( * aXFi 
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A set of indicators that should be kept unchanged under the transformations of the structure of the 
system is given by the following system:  
constaXPl ),( * 

,                                                          (3) 
or in the implicit form: 
0),( *  constaXPl 
 ,                                        (4) 
 
where l = 1, ... L, and L is the number of equations that describe the set of indicators which must be 
invariant under the transformations of the structure. 
Applying local symmetry to ecological system equations can be described as follows. The criterion of 
the invariance of equations 
0)(  xk                                                                      (5) 
 
with respect to the group setting by the infinitesimal operator [3] can be written as:  
 
0)(  Mk xX ,  k=1,…,S; (S<N)                               (6) 
 
where M - is (N – S) surface, defined by the system of equations (5); 
i
i x
sX 
  is the infinitesimal 
operator of Lie group of continuous transformations (summation of coincident indices is assumed); si are 
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components of the transfer vector in the plane tangent to M; N is the number of variables; S is the number 
of equations. 
2.2. Analytically described case of functional symmetry in ecological model  
As an example, let's consider the application of the approach to finding the functional symmetry with 
respect to the set of eigenvalues. A set of eigenvalues determines the stability of the system against small 
perturbations, and is one of indicators used to assess the sustainability of ecosystems. 
At the beginning a simple second order system of Lotka-Volterra equation is considered:  
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The functional symmetry approach gives possibility to find ratios between model parameters providing 
invariance of eigenvalues. It is necessary to note that finding these ratios does not require calculating 
eigenvalues.  
The simplicity of this system allows to determine stationary state analytically. Jacobian of the system 
(7) at a stationary point is: 
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It is well known that if the determinant and the trace of a matrix are unchanged then its eigenvalues are 
also unchanged. It means that assuming that the trace and the determinant of a matrix are equal to some 
unknown constants and writing these conditions in the implicit form it is possible from (8) to find 
equations on parameters of the model (7) which has to be satisfied for providing the invariability of the 
eigenvalues. 
The trace of the Jacobian is                       , the determinant is                                 . Applying to the 
equations  
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infinitesimal operator                 we obtain ratios that describe the local functional-invariant 
transformation: 
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where si are infinitesimal increments.  
Equations (10) can be considered as the equation for the differentials. Then the system (10) can be 
solved analytically:  
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where 
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  CC , and the symbol '0' denotes the parameters of the original or 
the "reference" ecosystem. 
Surfaces of the invariant mappings assigning to each pair of 11 and 12 values of 1, and 2, keeping the 
eigenvalues of the linearized system invariant are shown on Fig.1 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.1. Invariant mapping surfaces obtained for Lotka-Volterra system.  
Computational verification of analytical findings (Fig.2) showed that regardless of the change of 
stationary state the type of singular point (stable focus) is not changed. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2. Phase portraits of system (7) at different values of parameters: A) 1=0.59, 2=0.007, 11=0.003, 12=0.001;  B) 1=0.21, 
2=0.02, 11=0.002, 12=0.002 
2.3. Applying functional symmetry approach: general case  
For more complex systems stationary state is hardly calculated analitycally. In this case it is possible to 
apply infinitesimal Lie operator to the total system including equations (2) and (4). Applying the criterion 
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of invariance (6) to the system of equations (2) and (4) generates the system of equations defining the 
invariant manifold: 
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where si are components of the transfer vector; N is the number of model variables, and hence the number 
of equations (2), K is the number of model parameters are allowed to vary. The partial derivatives are 
taken at the current stationary point and the current values of model parameters. 
The linear system (12) consists of N + L equations and contains N + K variables. The situation is 
typical when K > L, and the system consists of linearly independent equations. In this case the system (12) 
has infinite number of nontrivial solutions, which form a basis of K - L dimension. Then the whole set of 
components of transfer vector can be determined by arbitrarily setting the K - L of them and calculating 
the remaining as follows: 
 ),,( * rmm saXfs  , r = 1,…K-L,                                         (13) 
 
where the form of the functions fm can be always determined due to the linearity of the system (12). 
Knowing the components of increments it is possible to organize the iterative process by specifying 
the desired direction of the parameters changing by means  rs . Then the new values of the stationary 
point and the system parameters are given by: 
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This iterative procedure is similar to the integration of systems of ordinary differential equations, but 
applying to the parameters of the model rather than to its variables. The procedure provides a gradual 
migration over invariant manifold of structures keeping a selected property invariant, if such structures 
are permissible. 
This procedure was applied to a simple model of complitely closed ecosystem:  
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where A0 is total amount of limiting chemical element in the system. 
At a = 1, A0 = 3, 0 = 2, K = 0.5, b = 1 this system has eigenvalues equal to 1.1055i.0.16666 
corresponding to singular point of unstable focus type. The system demonstrates self-oscillation mode 
(Fig.3A). In the course of described iterative procedure new model parameters equal to a = 0.5, A0 = 4.13, 
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0 = 3, K = 0.77, b = 1 were obtained. At this parameter set the system has the same eigenvalues, with the 
steady-state values of variables and the form of oscillation differed from the previous case (Fig.3B). 
 
 
 
 
 
 
 
 
 
 
 
Fig3. Self-oscillation mode of the model (15) dynamics (dotted line - autotrophs (X1), solid one - heterotrophs (X2)). The 
parameters values: A) a = 1, A0 = 3, 0 = 2, K = 0.5, b = 1; B) a = 0.5, A0 = 4.13, 0 = 3, K = 0.77, b = 1. 
Considered approach can be used for reducing complexity of a mathematical model keeping selected 
properties. As an example the transformation of nonlinear system (15) into bilinear keeping the set of 
eigenvalues is considered.  
The transformation transforms the system with the following parameters: 
1,5.0,2,1,5.0,1.0,5.0 021  bKAaXX   
and the eigenvalues 1,2 = -0.07500.34551i into the system having the following parameters: 
1,300,300,84.1,15.0,11.0,0.1 021  bKAaXX 
and the eigenvalues 1,2 = -0.07480.34549i. The parameter b was not included in the change due to the 
redundancy of freedom.degrees. Incomplete correspondence of eigenvalues reflects the imperfection of 
computational iterative procedure.  
Large values of the parameters  and K allows to neglect the contribution of the variable in the 
denominator of Mono. Then the rational function                 can be substituted by the bilinear ( 21 XXk ) 
with a coefficient k equal to 1:  
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The effect of the changes on the phase portrait of the systems is illustrated on Fig.4. It can be seen that 
the behavior near the singular point does not undergo significant changes, say nothing of the same type of 
singular point - a stable focus. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4. The phase portrait of systems (15) and (16) near the singular point. Legend: A) corresponds to nonlinear system (15) where   
= 2 and K = 0.5; B) corresponds to the weakly nonlinear version of the system (15) where  = 300 and K = 300; B) corresponds to 
the linear system (15) after replacing the rational expression for bilinear one. 
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It is necessary to note that the transformation of system (15) into the system (16) keeping the set of 
eugenvalues is performed without calculating these eugenvalues. So in principle the procedure can 
provide similarity of models with respect to selected parameters and does not require the knowledge of 
their values. 
Surtainly this transformation is not always possible. For example it is impossible to translate a non-
linear second-order system that describes a closed ecosystem demonstrating oscillation mode (15) into a 
linear system, since a limit cycle in a second-order linear system can not exist [4]. 
3. Conclusion 
Principal applicability of functionally invariant transformations to models of ecological systems is 
shown. It allows to perform formal comparison of the structures of ecosystem models with respect to 
selected property, and reduce their complexity. 
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